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Abstract

The hadroproduction of heavy quarks is studied in the kinematic regime in
which /s is very much greater than the mass of the produced heavy quark. We
introduce a modification of the normal Lipatov equation which allows a factor-
ization between the short distance and long distance physics. Numerical resuits

are provided using the cross section for b quark production as an example.
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1 Introduction

As the energy of hadron-hadron and lepton-hadron colliders increases, an impor-
tant new regime of QCD physics opens up: that of “semihard” processes(l]. By
definition, these contain a hard scattering whose scale, Q, is much less than the total
center-of-mass energy /s. To say that there is a hard scattering means that Q is
large compared with Ayg. At the Tevairon and at BERA, semihard processes in-
clude the production of charm and bottom quarks and the production of jets of Er

of a few GeV. At the SSC (/s = 40 TeV) even the production of W and Z bosons is
a semihard process.

One reason that semihard processes are important is that their cross sections are
large compared with the intrinsic cross section {of order @?) of the hard scattering,
because of the large number of gluons that can participate. As is well-known, minijet
cross sections are a significant fraction of the total cross section at center-of-mass

energies around a TeV.

An important challenge to QCD is to predict the properties and cross sections
for semihard processes. Difficulties with conventional calculations arise because of
large higher order corrections, both in the short-distance cross sections (coefficient
functions) and in the kernel of the Altarelli-Parisi evolution equation[2]. For example,
calculations of bottom quark production at hadron colliders have next-to-leading
order corrections that are larger than the lowest order cross section, and the problem
gets worse as s/m? gets larger [3,4]. (Here m is the mass of the heavy quark.) In this
paper we make some first calculations of heavy quark production in hadron-hadron

collisions using a formalism[5] we have developed to resum the large order corrections.

Our formalism is set up so that standard methods for analytic calculations of
inclusive cross sections can be used. Higher order corrections can be incorporated

systematically. Our procedure is therefore potentially more powerful than leading
logarithm Monte-Carlo calculations.

The central element is a medification(5] of the Lipatov equation[6]. The original
version of this equation was applied to complete cross sections, and thus entwined
together infrared and ultraviolet behavior. Our modification of the equation applies
directly to the short distance coefficients and to the evolution kernel of the Altarelli-

Parisi equation. Thus only contributions on a specified scale are important in our
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equation. The solution of our modified Lipatov equation can then be made with a
fixed coupling instead of a running coupling, and a substantial reduction in labor
results. Moreover, the infrared-dependent part of the calculation resides solely in the
initial conditions for the Altarelli-Parisi equation (with a resummed kernel). The

evolution of parton distributions at small z has been considered by Kwiecinski[7].

Catani et al.[8] have developed a different, but undoubtedly equivalent formalism.
When this is converted to a Monte-Carlo algorithm{9,10] problems occur because of
sensitivity to the infrared cutoff. Preliminary results on the hadroproduction of heavy

quarks have also been presented by Levin, Ryskin, Shabelski and Shuvaev{1]].

To simplify our first attempt at numerical calculations, we work to leading order
throughout. We also neglect quarks, since the large s/m? behavior is dominated by
the effects of gluons on the evolution. The three-gluon vertex is of course the dominant
physical object here. Cur approximation should be sufficient to indicate the expected

size of the corrections to the corresponding calculation using Born graphs.

The outline of our paper is as follows. In Sec. 2, we summarize the equations in
our formalism, starting with the conventional factorization theorem. Then, in Sec. 3,
we explain our ladder equation, and show how to solve it analytically. In Sec. 4, we
explain the definition of the impact factor, and, in Sec. 5, we present our algebraic
calculations of the lowest order impact factor for heavy quark production in hadron-
hadron collisions. In Sec. 6, we show our results for the modification of the kernel
of the Altarelli-Parisi equation. In Sec. 7, we present numerical calculations for the
evolution of the gluon density and for the cross section for heavy quark production
in hadron-hadron collisions, and compare the results with those from conventional

calculations. Finally, in Sec. 8, we state our conclusions.

2 Basic formalism

The standard factorization formula for the production of a heavy quark of mass

m in a collision of hadrons H; and H; with momenta p, and Pz 1s

a(s,4m?) = ‘[ de, J[ dzy fym (2, 1) i, (x2, ) 6:5(8,m, p,as(p)), (2.1)

where § = 22,3, and g is an arbitrary renormalization scale that should be chosen

to be of order the mass of the heavy quark. The hard cross section & wiil contain
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the kinematic constraint § = z,z,3 > 4m?, so that the integrals over z; and z,
effectively have nonzero lower limits. For the purposes of this paper, we will consider

only the integrated cross section for heavy quark production. We could also consider

a differential single-heavy-quark-inclusive cross section.

The parton densities f;;g(z,p) satisfy the Altarelli-Parisi equation

d 1 4
dln p? fiyn(e,n) = ,Z,[ ?E'Tij (;—,as(u)) Fira(& ). (2.2)

For the remainder of this paper, we will consider the only light partons to be
gluons, so that the indices in Eqgs. (2.1,2.2) will only have the values i = j = g.

When s > 4m?, there are important contributions in Eq. (2.1) from regions where
T1 €1, 23 € 1, or 5 » 4m?. Consequently, we need to know &(3,m) for 5 > 4m?,
and to know the Altarelli-Parisi kernel 7(z/¢,as) for = < €. In both cases, higher
order terms in the expansion in powers of ags have logarithms of the large ratios. Thus
fixed low order perturbation theory becomes a poor approximation at high enough

energy.

Our result with these large corrections resummed, can be expressed in the form

o(s) = J[l dz, [ dz, fdkg fdkg F(@1, ke, 1) F (s Koy 1) o 21325, kn, ko),

(2.3)
where k, and k; are transverse momentum variables. In the following, vectors in
the transverse plane will always be denoted by boldface letters. Since we choose to
work with unpolarized hadrons and with an azimuthally averaged cross section, we
have performed the integrals over the azimuths of the transverse momenta k; and k;
before writing Eq. (2.3). I; is called the impact factor. It is, in effect, an off-shell,
but gauge-invariant, cross section, and we will define it and calculate the lowest order
contribution in Secs. 4 and 5. When 3 — oc, the impact factor falls off like a power of
3, even when higher order corrections are added, unlike the complete hard scattering
cross section. The ranges of integration in Eq. (2.3) are restricted by kinematic
constraints which are implicit in the impact factor. The Lipatov resummation of
the large 3 region for the hard scattering coefficient generates gluons of transverse
momenta comparable to m. This is accounted for by F(z,k,u), which is to be

considered as the number density for a parton with longitudinal momentum fraction



—4- FERMILAB-Pub-91/22-T

z, transverse momentum k and renormalization scale p.

The function F is the convolution of the ordinary parton density and the solution

of our ladder equation, and it satisfies

2
flz,p) = [ dk? F(z,k, ). (2.4)
The precise form of the ladder equation and its solution are given in Sec. 3.

Since the integrals extend down to small k, it is inappropriate to use fixed coupling
methods in Eq. (2.3) as it stands. Moreover the integrals become almost singular at
k = 0, so that numerical caiculations are not well behaved. It is therefore convenient

to rewrite Eq. {2.3) by adding and subtracting the k — 0 pieces:

o(s) = [ dzy J[ dzg{ f i} [’ dk} F(z1, Ky, 0)F (w2, ka, )I5 (2122, K, ko)

+ f dk§ f{z1, ) F(22, k3, 1) [Il(31m253k2) - 9(!1-2 - kg)fu(ml-’cz-ﬁ)]
=+ [ dkg f(t]_, khﬂ.)f(:l:z,j.b) [I1(21$23,k1) - 8(“2 - kg)IQ(ZLIgS)]

+f(zls #)f(rz‘#)fg(xliﬂzs)}, (2.5)

where

Io($1223) = 13(1312723, 0, 0),

il

Ii(z1z3s,k) I(z,228,k,0),
Inf(f-':]_?:gﬁ, kl,kz) = Ig(mlmgs,kl,kg) =+ 0(;1.2 - ki)G(;Lz — kg)Ig(:Elmg-S)
—8(}.&2 - k:)Il(J:lIgS, kz) - 6([1.2 - kg)Il(I:lwgS,kl). (2.6)
We regard Eq. (2.5) as the most fundamental equation in our formalism. It is the

one for which we expect to be able to systematically calculate higher order corrections.

3 The ladder equation

In Sec. 2 we presented our fundamental equation, Eq. (2.5), that is to be used

for calculating semihard processes, and we asserted that the transverse momentum
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distribution F(z, k, 1) is the convolution of the ordinary parton density f(z,u) with
the solution of a ladder equation. In this section we write the ladder equation, and
show how to solve it and combine it with the parton density to obtain F. The details

of the derivation of the ladder equation will not be presented in this paper,

3.1 Equation

Our starting point is an arbitrary off-shell hard scattering coefficient X(,k; 4m?),
This is defined gauge invariantly in an exactly analogous fashion to the impact factor
(to be defined in Sec. 4), except that X contains no subtractions to remove the large
4 behavior. We use the ladder equation to resum the large logarithms of §/4m? that

occur in the perturbation expansion of X.

The quantity X is given by the impact factor coupled to a sum over ladder graphs
for each incoming off-shell gluon. To simplify the formulae we explicitly treat the

case of a single ladder, as in Eq. (3.2) below, instead of two ladders, as in Eq. (3.3).
The ladders are all of the same form.

Because we are calculating a hard scattering coefficient, there will be no mass
singularities when k — 0. According to the rules for computing hard scattering
coefficients, subtractions are applied to higher order graphs, and these cancel the
mass singularities. When we set k = 0 in );’(é,k;ﬂlmz), we obtain the usual hard

scattering cross section &, as in Eq. (2.1).

We define the moments of X by

X (5, ) ers(p)) = f dp p X (3, k; 4m?; as(w)), (3.1)

where p = 4m?/s. Functions with a tilde superscript are all defined in the space of
moments. Diagrammatically, X is a convolution of an impact factor and a sum over

ladder-like graphs, so that it can be represented in the form
X(,) = [dP17GD - 0s" =191, 0] £ 1K), (3.2)

where L is the sum over the ladder graphs, and [ is the moment of the appropriate
impact factor. Since we are working with a short distance coefficient function, we

have displayed the subtraction that cancels the collinear mass singularity,. When
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k = 0, graphs for X have singularities when some loop transverse momenta go to
zero., Within the ladder L and the impact factor I, there are subtractions that cancel
all the singularities, except for the one from the region where both 1 and all the
transverse momenta in L go to zero together. The explicit subtraction in Eq. (3.2)

cancels this remaining singularity.

In the particular case of heavy quark production, I could be equal to I;, as used
in Eq. (2.5). We would also have a similar equation with two ladders attached to I;:

a0 ke, ka) = / d? / a3 L5, 1y, k1) F5(5,10,12) L5, 1a, ka), (3.3)

where the impact factor is the subtracted one defined in Fq. (2.6). (In the general
case of a cross section differential in a heavy quark momentum, we would need two

Mellin transform variables 7; and j; instead of the single variable 7 in Eq. (3.3).)

In moment space X satisfles a modified Lipatov equation (@5 = N.as(u)/)

o ds 2 (X)) = X(G,k) | X(G,k)
X5, k) = I(Jak)“i'(j_l)[ﬂ 17 — k3 +m

oo on]8(® —17) — 0(p® —K?) | 8(u® ~ k7)
_X(J,U){ i + m] } (3.4)

By definition, the function f(j,k) is free of poles at j = 1.

Compared with the usual Lipatov equation, Eq. (3.4) has a subtraction that pre-
vents regions with strong ordering in transverse momenta from contributing, as is
appropriate for a hard scattering coefficient. This has the following consequence:
Given that 7{j, k) is nonsingular at k = 0, the solution X (4,k) of the ladder equation
is also nonsingular at k = 0. Note also that subtraction in the transverse momentum

at scale p corresponds in lowest order with the normal MS scheme.

3.2 Solution

The equation can be solved by making a further Mellin transform of X and [ with

X(v) = ‘rf %’ (E;) X(5,k), (3.5)

respect to k?:
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. dk? [k*\7. .

1(,7) = ~ f yey (I-F) 1(3,k). (3.6)
These integrals are convergent for 0 < v < v,, where ~, is determined by the large k
behavior of X and [. Since X and [ are finite at k = 0, we have

li_l.% _-X"(J)’T) = X(J:k = 0): (3.7)

and similarly for 7.

After this transformation we notice that functions which are a power of k are

eigenfunctions of the unmodified Lipatov equation. Then Eq. (3.4) becomes

- </ a, - - -

X(5,7) =1(G,7) + Tsf—(‘f—) [X(J,'r) - X7, 0)], (3.8)
where the function x is defined as[6]

277 —1 1
xn = [ dz[lz—-ll + m]=z¢(1)~¢(v)—¢<1—v). (3.9)

Here 9 is the digamma function, for which %(1) = —yg. The function x has the
following limiting behaviors:

x(v}) — 4log(2) + 14¢(3) (’7 - %)2+ O ((7——- %) 4) , when v — %; (3.10)
x(Y) - 7'+ 2¢(3)7* + O(v*), when ¥ — 0, (3.11)

where ({3} = 1.20206.

We now introduce the anomalous dimension function v.(j,@s} which is defined
implicitly by the equation

i —=1—asx(v(s,a&s)) =0. (3.12)

The resummed anomalous dimension 4. has a branch point singularity at § = 7 =

1 +4@sln2. For j close to the branch point, the behavior is

J =

T3 (3.13)

Tl as) = 5 -
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The behavior of v, for small &g is given by

Te(d,As) = +2((3) ;3 + O(as). (3.14)

( ) ( )

Eq. (3.8) can be rewritten as

(7 = 1(4,7) — @sx(7)X (5,0 )
i—1—-asx(y)

X(5,7) = (3.15)

One solution 1s ' - - '
ooy = @ DI, y) — @Esx(v)1(, 7))
j—1—asx(v)
where we have used the property of x given in Eq. (3.11) to compute X(4,0). The
most general solution of the equation is obtained by adding to Eq. (3.16)

F(3)
j—1—asx(v)’

, (3.16)

(3.17)

where F(j) is an arbitrary function of j. Our first solution has no pole at j =
1+@sx(7v), but the added term does have such a singularity. This pole can be moved
to arbitrarily large j by making v small enough. Such a property appears to be
unphysical. Moreover, if one expands the ladders in powers of ag, then low order

terms in Eq. (3.16) reproduce terms in the series that is obtained by direct evaluation
of the ladders. Thus one must set F(J) to zero.

3.3 Definition of F

We use X in a factorization equation similar to Eq. (2.1). For the case of a process

with a single parton external leg the cross section is

o{s,4m?) =ﬁd:z:f(:c,;¢)i(z:s,0,4m2). (3.18)

After taking the Mellin transform of the cross section the convolution integral becomes

a simple product of moments

flG,w)X(35,0). (3.19)
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Here the definition of the moments of the parton distributions f is

F, ) = [ dx 23 f(z, ) (3.20)

and X is given by Eq. (3.1). From Eq. (3.19) we therefore need the limit of X
as k? — 0. After Mellin transformation on k, this is equal to the y — 0 limit,
cf. Eq. (3.7). Using the solution Eq. (3.16), we find that

X(5,0) = X(4,0) = T(j, 7(4))- (3.21)

Since the ladder part of our solution for X, Eq. (3.2), is universal, it is convenient
to combine it with the parton density f(z) by defining

FlGke) = L(j,k,0)f(,u)

ay r{ias)
. Wc(j,as)%(%) Fiiu). (3.22)
Then
FG)X(,0) = / dk? F(3,k, 1) [F(1) — 8(x ~ k)I(0)]. (3.23)

Notice that the definition Eq. (3.22) satisfies

2

J[ dk? F(j,k, 1) = f(4, ). (3.24)

Expanding in &s, we may define the lowest order perturbative result for the parton
distribution with off-shellness

73(.7: k7 }.L) = (J__a.%jﬁf(ﬂ', P”)' (3'25)

This is the explicit form used in the perturbative calculations of ref. [12].

4 Theory of Impact Factor

We now explain how we define the impact factor for hard scattering. Although all
our considerations are rather general, we will treat the case of production of heavy

quarks in a hadron-hadron collision for the sake of definiteness.
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In & general Feynman graph for heavy quark production there will be logarithms
from integrals over transverse momenta and over rapidity. The ordinary factorization
theorem, Eq. (2.1), plus the Altarelli-Parisi equation, Eq. (2.2), solve the problem
of disentangling the transverse momentum logarithms, as is well known. Given this
decomposition, our modified Lipatov equation separates out the logarithms from the
rapidity integrals. So far, we have shown how this works for the hard scattering,

in Sec. 3. In Sec. 6, we will perform the corresponding task for the Altarelli-Parisi
kernel.

After this is all done, it remains to calculate the impact factor that appears in
Egs. (2.3) and (2.5). Fundamentally, the impact factor is an off-shell cross section
in which subtractions have been made to cancel the logarithms from the rapidity
integrals and the transverse momentum integrals. It is necessary to ensure that its
definition is gauge invariant, since off-shell quantities in a gauge theory are not, in
general, gauge invariant. Note that in lowest order for heavy quark production, there

are no subtractions to be made, but that gauge invariance is, a priori, a problem.

We will parameterize a general momentum k* by a Sudakov decomposition:

k* = api + 8p% + k¥, (4.1)

where k* is a vector transverse to both of the momenta of the incoming hadrons, p,
and p;. It will be convenient to make p; and p; exactly light-like: this wiil simplify
the technical details of our discussion. Then the actual momenta of the incoming

hadrons will differ slightly from p; and p,.

4.1 Definition of impact factor

The impact factor in Eq. (2.3) contains the core of the hard scattering, and it is
attached to each of the parton densities F by a pair of gluons, in lowest order. The
definition of the impact factor requires an approximation to the coupling of these
gluons that is valid when the gluons connect lines in the impact factor to lines of
very different rapidity. It should remain a good approximation when the gluon has
a virtuality or a transverse momentum comparable with the kinematic scale of the
hard scattering, viz., m. The approximation should make enough simplification in

the structure of the loop integrals that we can derive the ladder equation that we use
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Figure 1: Gluon connecting lines of very different rapidity.

to resum the rapidity logarithms.

It does not matter whether the approximation is good outside the region with a
large rapidity gap. There is no large logarithm in such a region. We compensate
for the error in the approximation when we calculate the subtraction term for the
next order graphs. Thus the error is genuinely higher order in as. We will set up
the approximation so that it is exact in the limit that the external gluons have zero
transverse momentum. This will ensure that we do not need to add correction terms
to make our fancy factorization theorem, Eq. (2.5}, agree with the standard one,

Eq. (2.1), when we are not in the semihard regime.

In Fig. 1, we show one particular gluon that connects a line in the impact factor

to one of the lines in the attached ladders. We need to investigate the situation when
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the lines { and !’ have very different rapidity. First, we decompose the momenta as
follows:

¢ = aq?i‘ + Bopy + a”,

# = apf + Giph + 1#,

l’i-‘ C!;ip‘il -+ ﬁ[lp’; + l"u. (4.2)

We choose I' to be the momentum of a line in the impact factor, and ! to be the
momentum of a linein the ladder attached to hadron Hy. It is sufficient to assume that
all three transverse momenta are of order the scale of the hard scattering: Q = O(m).
Then, because { and !’ are final state momenta, both o;3; and a; 3, are of order Q?/s.
Moreover ay is of order oy, while 3, is of order §;. The strong ordering in rapidity

means that oy > ap and 8 < Gy, so that g2 = —q? up to power law corrections.
q P P

From Fig. 1 we may write the contribution of one rung as
i :
V“(l: q) N#V(Q)E; VN(QJ )$ (4'3)

where V*#(q) is the numerator factor of the gluon propagator and V# and V" rep-
resent the parts of the graph above and below the exchanged gluon. We now define
momenta ¢q; and ¢;. These are obtained from g by setting one of the longitudinal

components to zero:

q = apy + g%, (44)

¢ = Bph + q*. (4.5)

Then to a good approximation, in the region of strongly ordered rapidity, Eq. (4.3) is

L

V(L q2) Ny (g2)p4 - Py Non (@) V¥(q1, ') (4.6)

qQ’py-p
Our ladder equation, Eq. (3.4), is exactly true for ladders in which the above
approximation is made for all gluons that connect lines of widely different rapidities,

if the ladder rung is taken to lowest order in as.

The operation of making this replacement we call the Lipatov approximation. It

involves making an approximation to the attachment to the upper part of the graph
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Figure 2: Action of Lipatov approximation.

and a conjugate approximation at the lower end. The result is very conveniently
summarized in an operator language, which is pictured in Fig. 2. There, we consider
a contribution to the cross section, so we have an amplitude such as we have just

considered times a hermitian conjugated amplitude.

Consider the gluon ¢ as coming from the bottom line and attaching to the top
line. Instead, let it be absorbed by the following gluon operator, which carries the

burden of projecting out the correct polarization and momentum components:

Mo
a - 4, —iq-z . mogbr b n:p J a’ 4.7
0%(g:) = zfd ze {Pexp‘: ;g/Cdz Ab(z )T]}w BB (). ()

Here T® is a generator of the SU(3) group in the adjoint representation, and C, the
path of integration in the path-ordered exponential, is a straight line that starts at
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d1 1 a
QI'p2 v ab
= 2L
P1-P2 P
v,b
a l b _ 1 ab
~ l.ptie 9

73

= —-ig (Ta)cb P

M,8

Figure 3: Feynman rules and typical diagrams for the operator 0%(gq;). The label ‘1’
on the top vertex is to distinguish the vertex for the operator O, from the vertex for

the operator O;.

the space-time point z* and goes out to infinity in a direction parallel to the vector
p1. Because q; - p1 = 0 and because we have projected the gluon field with p;, this
operator is, in fact, gauge invariant, except for a surface term at infinity. The surface
term will cancel against the corresponding term in the hermitian conjugate operator

that is on the opposite side of the final-state cut.

Operators like this, but with a slightly different momentum, appear in the gauge-
invariant definition of the parton densities given in Ref. [15]. From the Feynman rules
given in that paper, we can extract the Feynman rules for our operator O%. Note,

however, that our convention for the coupling g is reversed compared with Ref. [15].
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1 ql_k a

Ql_t£€d: k
v,.C

t

H/b

(e)

Figure 4: Examples of application of Feynman rules for O%(q,).

The Feynman rules are as given in [16,17]. The Feynman rules for O, are shown in

Fig. 3. These contain a vertex for the 4,pY factor, into which the momentum g, flows.

To this vertex is attached a double line that represents the path-ordered exponential.

There are any number of p; - A vertices on the double line; they are joined by eikonal

propagators. The lowest order vertex reproduces the right-hand factor in Eq. (4.6).

We show some examples of the application of these Feynman rules in Fig. 4. The

values of the graphs in this figure are:

Graph (a) = P Pibas
P1-D2

= xlpl{é‘a&,

(4.8)
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. ] —k)'Pz
Graph (b) = —ig(T*).pt b v (81
ph (b) 9(T”) e S—

v v z (@2 — k) - ps
— of _ , 4.9
9. L I S——— (49)
. I L i k .pz
Graph (o) = —ig(T*)aspy (1 — k) p1 + iep?zh ‘P2’
. v ) k- py
) _ . 4,10
9f bcP1P1k.p1_zgp1-p2 ( )

In these examples, we have chosen g, = z,p{ + q,, so that p; - q; = 0.

A corresponding operator is used at the other end of the gluon line g¢:

. v g
o2 = —5 d4 —~igy-E P g d nr.Ab I Tb P’;Pz Aa'
o) = farsee fron [ famar] ) Banate)
(4.11)

where now the path C starts at z# and goes out to infinity in a direction parallel to

the vector p;.

We can now make a gauge-invariant definition of the impact factor for gluon-gluon
fusion to heavy quarks, by attaching the gluons to these path-ordered exponentials.
To lowest order, the impact factor is the square of an amplitude given by the sum
of the graphs in Fig. 5. Schematically, we can represent this as the lowest order

approximation to the following Green's function:
N Z(OIT OF' (k1)03' (k) X H{ X |T O3 (k2 )O3 (k1) 0}/ [(27) 64 (0)), (4.12)

where the sum over final states is over those that contain the heavy quark that defines
the cross section we are calculating, and A is a normalization factor that we will define
in a moment. In lowest order, we mean to define the impact factor by exactly the
above equation. But in higher order we must impose subtractions that cancel all the

transverse momentum and rapidity logarithms.

In accordance with the prescription for defining the operators O, and O,, the

external momenta of the impact factor have the forms

kg = zipr + Kk, (4.13)

kg = IaPp3 —+ kg, (4.14)
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k k
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Figure 5: Lowest order graphs for amplitude for impact factor for production of heavy

quarks, in gauge-invariant formalism.

so that py - ky = 0 = py - k3.
We define the normalization factor to be

_ kik3
421T2p1 - p2 V2 )

(4.15)

Here V = N? — 1 = 8, so that the factor 1/V? represents an average over the colors
of the incoming gluons. A is chosen so that when we take the limit that k; = k; = 0,
we obtain a properly normalized cross section, which is exactly the usnal gluon-
gluon fusion cross section, when we work in lowest order. The argument is a little
subtle, because the external gluons have polarizations proportional to p, or ps, and
are therefore longitudinal when k, = k; = 0.



~18- FERMILAB-Pub-91/22-T

The first three graphs in Fig. 5 are the conventional ones for gluon-gluon fusion,
with some appropriate polarization vectors, and with off-shell gluons. The last two
graphs are needed to preserve gauge invariance, and contain couplings to the path-
ordered exponentials in O, and Oj.

We can eliminate graphs (d) and (e) and put the others in a form that more closely
resembles the calculation of a cross section with transverse polarizations, by applying
Ward identities, as follows. First, consider graphs (a) to (d) where only one gluon
attaches to the lower eikonal. These graphs have the form

zaph Gu{k3) where G* = ) T Gy + Gig + Gy (4.16)

c

G is the sum of the upper parts of the four graphs. Since G is gauge invariant, at
this order, there is a Ward identity

k2G(ks) = 0. (4.17)

Since k; has no component proportional to p,, this implies that the contribution of

the sum of the first four graphs may be written as
2404 C,lks) = —KEG,(ks). (4.18)

However since G, o z1p) in Feynman gauge, graph (d) makes no contribution to the
right hand side of the above equation. We apply the same Ward identity argument
to the other external gluon line in the sum of graphs (a), {b) and (c). In this fashion
we express the result as transverse projections of graphs (a), (b) and (c) plus a single

term left over in the Ward identity that exactly cancels graph (e), in Feynman gauge.

The final result, at lowest order, is that the impact factor is given by the off-shell
graphs for gluon-gluon fusion , that is graphs (a) to (c). They are to be computed
in Feynman gauge with amputated external gluon propagators. The incoming gluon
momenta satisfy p; - k3 = py - by = 0. The gluon polarization vectors are k,/|k;| for
k1 and k;/|kg| for k;, there is a color average for the incoming gluons, and there is an
overall flux factor of 1/(2zyz3s). This implies that the impact factor is normalized
appropriately for a cross section, so that when k; = k; = 0 we recover the usual

gluon-gluon fusion result for on-shell gluons.

There is somewhat of a convention in our normalization. It is defined so that the
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flux factor for the off-shell cross section is 1/(2z,2,5) rather than a more complicated

expression such as 1/[2(k; + k;)?]. This makes our algebra a little simpler.

When we put the appropriate compensating factors into the ladder graphs, the
remaining factors in the modified factorization can be interpreted as parton number

densities.

5 Calculation of Impact factor

We pow summarize the lowest order calculation of the cross section for two off-
shell gluons to make a pair of heavy quarks (the impact factor). First, we make a
Sudakov decomposition for the incoming gluon momenta k,, k; and the momenta of
the produced heavy quarks, p3, py, (which have mass m):

ki = zip1 + ky,

ks = zp3+ ks,

p3 = azTipy + bazaps + ka,

Pa = aqZ1py + bazaps + ko (5.1)

As explained in Sec. 4, the longitudinal component of k,, (k,) is only in the direction of
the light-like vector py, (p2). This together with the choice of gluon polarizations to be
in the transverse plane ensures that the impact factor is gauge invariant. Momentum

conservation gives a3 + a4 = 1,ba + by = 1 and ky + k, = k; + k4.
We define the longitudinal contribution to the square of the total incoming four
momentum fo be
S = 2T4Ty Py - P2 = T1T25. (5.2)

It is convenient to introduce a notation for the rescaled propagators of the graphs,
using sz, to set the scale,
(k1 + ka )’ m? — (k; — p;)?

’ Tij — 3 (5.3)
ar L

so that by momentum conservation 73 = 734 and 733 = 4. We further define

4am? k2 k32
rT=— Kk = —l, Kq = —"'?' (5°4)
L¥A 8L SL
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Fal

Figure 6: Graphs for impact factor for gluon-gluon fusion to heavy quarks.

As described in Sec. 4, we are interested in a definite polarization projection of
the invariant matrix element squared. The matrix element M is calculated using the

diagrams of Fig. 6. The result can be expressed in terms of the function Ag,
1 — ' w2
A: = WZLAJ‘W(’Q, kz,p3,P4) ki‘ k2| . (55)

Heze, iindicates an average over the V' = N2 —~1 = 8 colors of both incoming gluons,

with N, = 3 being the number of quark colors. The result for A is

1

= 5.6
4!‘5153ch ? ( )

Az [N:(Yl +Y;) — 21,
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where Y] is

4 1 — —b 1 1
Y, = [nmz (_ _ 4 (23 — a4 — b3 + by) (__ — _)) —- A’} ,  (5.7)
o T13Ta (=) T13 Ta3

with
A b3a4_b4a3+l e — T +(b —b)(1—5)+(a’ —a,)(l——-ﬁ-)) (58)
T3 T2a 0'(13 23 4 3 1 3 4 2 ’ )
and Y; is

Y, = l:mm _ (1_ biay 5403)2] (5.9)

T1aT23 Ti3 Ta3

If we take the limit of zero k,, and if we average over the transverse directions of

k;, we obtain the invariant matrix element with one gluon off-shell:

kiky 1 Pir; + piph
= | —g™+ 222 71532 5.10
< ki > 2 ( s pi-pr )’ (5-10)
1 — ' 74
Al = g‘kg E |Mpv(P1,k1,Pa,P4) e'“(Pl)k:;I2 . (5-11)

S now indicates an average over spins and colors of line one and an average over
colors of line two. The result for A, is

1 N,
A = (m )[(03+t14)+ (as-f-ba—a-i"'lh)]
Nc K 2 2 _ bab;’l"
+2Vb364 (1 _ Kg) I:(a:, + ay + 7')(0.364 4= a4b3) + ’J"(2b364 1) + _(1 — 52)
N,
4Vb b (ba b{)(l‘la -+ b3 — a4 — b;)(ag + Ez -+ ‘l"). (5.12)

If we further take the limit k; — 0 in Eq. (5.12) and average over the transverse

plane, we recover the normal on-shell matrix element,

Ao = —ZI (P12, P3, pa) (1) (p2) " (5.13)

where E now indicates an average over colors and spins of both initial gluons. We
find the standard result{13,14],

1 N.
Ao = (263b4Nc - ?)

r

2
B+ b2+ r— ] : (5.14)

453 b4
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The impact factors for total heavy quark production are defined in analogy with
normal cross sections:

Io(sz) = 2.1;, 5 fd cos § dop Ao,
2
Ii(sg, k1) = 2.:La2 dcosf do Ay,
1 d
(s, ki, ki) = 207 0‘23 dcos 8 do ¢12 Aj. (5.15)

Here, we have chosen the flux factor to be 23z, and 4 and ¢ are the scattering angles in
the center of mass system of the two incoming gluons. In defining I;, we have averaged
over the angle between the two incoming gluons in the transverse plane, ¢12. The
first moment of I}, which is relevant in O(a}) perturbation theory, was calculated
in ref. [12]. Io is the normal total cross section. Impact factors for the differential
cross sections may be obtained directly from Ao, A; and A;. In the present paper
we concentrate on the integrated cross sections. Using the explicit expressions given
in Egs. (5.6,5.12,5.13), it is straightforward to derive analytic expressions for the
impact factors for the total production of heavy quarks. These expressions are too
complicated to publish in closed form. Fortran routines for the integrated impact

factors I; are available on request.

6 Evolution Equation

In analogy with the off-shell cross section, we can define a generalized off-shell
anomalous dimension y(z/¢, k; ag).- We will mostly work with its Mellin transform:

i, I as) = [ dz 2U"D1(z,k; ag),

v(z, k;as) = 2m/d3z I5(5,k; as). (6.1)

At zero k this is the ordinary anomalous dimension — the Altarelli-Parisi kernel, It
enters in the renormalization group equation (Altarelli-Parisi equation) for the parton
distribution function:

{313 +Bes) ]fa(J,# Z’r:k(j,ﬂ;as)fk(j,ﬂz)- (6.2)
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where i,k = g in the present paper.

In moment space, the off-shell anomalous dimension satisfies a modified Lipatov
equation:

R = R+ [ dl’{"(”u, L. A
9(# SUELES STy

—%(4,0) [ TRy 4, Ly } (6.3)

The function 4,(7, k) is defined in an analogous fashion to the impact factor for the

hard scattering cross section. It is free of poles at j = 1.

After defining moments of ¥ with respect to k?,

dk3
-1 [ % (F ) 50,K), (6.4)

we obtain from Eq. (6.3) the transformed equation

06,.0) =71l 1) + S ['T(j,f) -7(j,0)}- (6.5)

This leads to the following solution, at zero k, ¢f. Eq. (3.21):
7(3,0) = %(4,0) = 7; (4, 7.(j, @s)) - (6.6)
In perturbation theory 4; has the expansion:
1(5,k) = p?6(k? ~ p?) + 2 PV (j,k (6.7)

Using Eq. (6.4) this gives in transform space

oy 2 f
mu,f):f[uz; [ i (ﬂ ) Pﬁ"’u,k)]. (6.8)

This solution of the ladder equation for the anomalous dimension may be written

as

7(5,0) = 7c(j)+ia's‘{f’}“)(j,0)
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dk? /k2\ ) _
enti) [ G (u—) (BG, 1) - 00" — KB 0)) } (6:9)
The third term is nonleading both in @s and in &s /(7 — 1) and will hence be neglected
in the following. For the purposes of this paper we restrict the sum in Eq. (6.9) to
the n =1 term:

3,0) = %(j) + @ P(3,0). (6.10)

Note that if we were to include higher order corrections, we would also need the higher
order corrections to our ladder equation, in order to be completely consistent in the

accuracy of our perturbative approximations.

By comparing the expansion of Eq. (6.10) with the standard perturbative result

for the one loop anomalous dimension(17) we can identify the impact factor P{"

=(1), . 11 2 1 ) n
})(J:O)'_- (1_2—_;+m+¢(1)_¢(1)"61\2). (6.11)

Here, ny is the number of active light flavors.

7 Numerical Results
7.1 Modified evolution equation

The numerical work which we report will be mainly illustrative in nature. We use

the one loop form of the running coupling,

1 - u?
?fs(y.) = bln (F) 3 (7.1)

where
(7.2)

We work in the limit of zero light quarks (n; = 0) but choose A = 0.215 GeV. This
gives a coupling which at 5 GeV is equal to the two loop coupling calculated with
four flavors using A(n; = 4) = 0.19 GeV. It therefore gives a reasonable coupling in

the range of interest for bottom quark production. We will choose p = m = 5 GeV.
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[n moment space the solution to the Altarelli-Parisi equation, Eq. (2.2) or (6.2)
with the lowest order kernel, is

73005, 1) = folGs po) lln (i_) /ln (%\2)

If we take 7 to be the standard perturbative anomalous dimension, d is as given
below:

d(3)
(7.3)

) = TasPG), i) = T

When we substitute for 4 the solution to the modified Lipatov equation, Eq. (6.10),

we obtain
AE fg(J,#o)[ ( )/1 ( )]dmexp(,%”’”;)) (7.5)

(7.4)

h .
i . _ BY(,0)
&) = "2, a8
so that )
d(5) = d:(5) + m, (7.7)
and J is . i)
J(G 8y p0) = [(J, dy 'ra-x('r), (7.8)

with x as given in Eq. (3.9).

Numerical work is done by working in the j-plane, and by performing the Mellin
transform numerically. We take the starting distributions at go = 2 GeV to be of the

form 1 P(S )
a - 5
—t———— z7%(] — )", 7.9
We will consider the two extreme cases @ = 1 and a = 1.5. In both cases, the

gluon density is normalized to carry half the total hadron momentum. In Fig. 7
we show evolution starting from the distribution with ¢ = 1. The resummed formula
introduces a singularity at j = jz. This explains the substantial difference between
the modified and the standard AP evolution shown in Fig. 7. Despite the fact that
the singularity at j = jL is quite weak, it has immediate effect because for a = 1

all other singularities are at j = 1. In Fig. 8 we show evolution starting from the
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Figure 7: Evolution of gluon from starting distribution with 1/z behavior at small z.

distribution with a = 1.5. Because the distribution already contains a singularity at

7 = 1.5 the Lipatov singularity is less important.

Note that the rapid growth of the gluon density shown in these figures cannot
continue unchecked(l]. When the packing fraction of the gluons within the hadron
exceeds unity the partons interact with one another. An estimate of the position of

the onset of this saturation is

(No. of partons per unit rapidity) x (transverse area of parton) ~ (area of hadron)

zfy(z, ) = B R, (7.10)

where R is the hadron radius. For p = 5 GeV this limit will occur when z f,(z,u) ~

103, We make no attempt to include this saturation effect in our numerical work.
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Figure 8: Evolution of gluon from starting distribution with 1/2*% behavior at small

.

The above figures make it clear that the two distributions are very different below
z = 1072, This immediately leads to a sizeable uncertainty in the bottom cross-
section. Accurate predictions for bottom quark production at the energy of the
Tevatron (and above) will require experimental information on the gluon distribution
below ¢ = 1072, Alternatively bottom quark production can be used to determine

the gluon distribution in this region.

7.2 Cross sections

In Fig. 9 we show the bottom cross section as calculated using the less singular

gluon distribution. We show three plots. The highest curve, o, is calculated using
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Figure 9: Bottom cross section starting with 1/z behavior at small z. o, o3, and
o, are the cross section calculated with respectively the lowest order approximations
everywhere, with the order a} approximation to our resummation, and with the full

resummation.

the full resummation formula, Eq. (2.5), and parton distributions obtained with the
modified evolution equation. The lowest curve displays o, which is calculated using

lowest order approximations everywhere, without resummation:

oa(s) = J[ dzy [ d 1% (21, 4) F40(21, ) Io(21225). (7.11)

Here f1© is the gluon density calculated using the standard Altarelli-Parisi evolution,
Eq. (7.3). The Lipatov ladder (with no rungs) first shows up in a fixed order calcu-
lation at order o. It is interesting to try and estimate how much of the effect of the

resummation is already included in an order e} calculation. Therefore the remaining
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Figure 10: Bottom cross section starting with 1/z'-5 behavior at small z.

curve shows o3

a3(s) = [dmlIdza{fw(ml,#)f['o(xz,#)fu(ml-'ﬂz"-‘)
+ f Ak £0(21, 4)P(za, ko, 1) 121228, ka) = 0 — k) Io(m1219)]
+ [ dk] Pz, ky, P)fLo(Zzaﬂ) [11(31%3,1(1) - 3(!-"2 - k%)fu(wwzs)] },
(7.12)

with f1© given by Eq. (7.3) and P given by Eq. (3.25). The results at /3 = 1.8 TeV
are shown in Table 1. We see that o3 is smaller than o, especially for the less steep

starting distribution.
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a_| oa[ub] | oa[ub] | ov[ud]
12 23 | 33
1.5 20 | 44 | 51

Table 1: Cross sections at the Tevatron in various orders in perturbation theory

In Fig. 10 we show the bottom cross section as calculated using the more singular
gluon distribution. The cross sections are larger than in the previous case, and the
influence of the resummation is smaller. These two figures show that the size of the
cross section is dependent on the form of the gluon distribution. Note however that

the inclusion of the resummation reduces the sensitivity to the form of the gluon
distribution.

8 Conclusions

We have presented an outline of a new method of dealing with small = physics
which clearly separates the short and long distance components of the calculation.
It represents a generalization of the normal QCD parton model to the case where
gluons which have a transverse momentum of the order of the hard interaction scale

are important. Our formalism allows the inclusion of higher order effects.

We have presented some illustrative numerical results, using bottom quark pro-
duction at /s > 1TeV as an example. Our results include neither higher order effects
nor light flavors of quarks, both of which are known to be important at the energy of
the Tevatron. Furthermore, no attempt has been made to include saturation effects
which are important at higher energies. Despite these deficiencies we believe that our
numerical results are sufficient to demonstrate two qualitative features about bot-
tom production at the Tevatron. First, resummation effects are already important
at the energy of the Tevatron. Secondly, the calculations performed through O{a3)
include part but not all of the small-z physics. Boitom quark production at the
Tevatron is not adequately described either by fixed order perturbation theory or by
the resummed formula without higher order terms.

There are a number of further developments of our methods that must be made.
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First, we must extend the formalism to include light quarks as partons. This is an
elementary extension of the results presented in this paper, since only gluon exchange
generates the rapidity logarithms that we have resummed. Then we must calculate
impact factors for other processes of interest, like Drell-Yan and jet production. It
would also be useful to do calculations with a more differential heavy quark cross

section.

A most important task is to devise convenient methods of calculating higher order
corrections in ag for the impact factors and for the kernels of our ladder equation.
We believe that our gauge invariant definition of the impact factors is an important
step forward for this.
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